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We prove the conjecture of G. A. Dirac from 1964, that every graph of order n > 3 with
3n —5 edges contains a subdivision of K.

1. Introduction and Notation

It has been conjectured by G. A. Dirac in 1964 [2] that every graph on n vertices
with at least 3n — 5 edges contains a subdivision of the complete graph K5 on five
vertices. This would be best possible for every n > 5, as maximal planar graphs
show. This conjecture is also mentioned by P. Erdds and A. Hajnal in [3], but it
seems that they only report it. In any case, P. Erdés was very interested in this
conjecture, and every time we met in the sixties or seventies, he asked me about
any progress in it. So I am glad that I could present a solution of this problem on
his last conference.

The first result in this context (as far as I know) was obtained by Z. Skupien [10]
who proved that Dirac’s conjecture is true for locally hamiltonian graphs, i.e. graphs
where every vertex has a hamiltonian neighbourhood. Let |G| and ||G|| denote the

number of vertices and edges of a graph G, respectively, and G be any subdivision
of G. C. Thomassen proved in [11] that every graph G with ||G|| >4|G|—10 contains

a K5 what he improved recently in [12] to ||G]|> %\G\ —7. More exactly, he proved

in [12] that every graph G with ||G|| > %|G| — 7 contains a K5 where a prescribed
vertex is no branch vertex, and with this condition the result is best possible.

One should mention also that the consequence of our result that every graph
G with ||G|| > 3|G|—5 is contractible to K5, is known for a long time. This
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result follows easily from the nice characterization of all edge-maximal graphs not
contractible to K3, given by K. Wagner in [14].

The aim of our paper is to prove Dirac’s conjecture.

Theorem 1. Every graph G with ||G||>3|G|—5 and |G| >3 contains a subdivision
of K5.

I emphasize that in the whole paper the term graph always means finite simple
graph. A. Kézdy and P. McGuinness proved in [4] that a counterexample to

Theorem 1 of least order is 5-connected and does not contain a K, , where K
denotes K, minus one edge. Using this result, Theorem 1 follows at once from

Theorem 2. Every 5-connected graph G with ||G|| > 3|G|—6 contains a K, or a
K.

We will prove this theorem in sections 3 and 4. The main tool in the proof will
be the result from [6], that every graph G of girth 7(G) >5 with ||G||>2|G|—5 and

|G| > 6 contains a K 5 oris the Petersen graph. We will consider a counterexample G
to Theorem 2 and a maximal connected subgraph Hy of G so that for the contraction
Go:=G/Hjy still ||Ggl|>3|Go|—6 and |G| >5 hold. Let Hy be the graph spanned

by the neighbours of Hy in G. This graph Hy does not contain a Ky, since such

a Kg could be extended to a K5C G, using an appropriate path through Hy. We

will prove some properties of Gg and Hj in section 3, in particular, 7(H1)>5. In
section 4, we will apply the above mentioned result from [6] to a certain subgraph

Fg of Hy. Section 2 contains known results necessary for the proof.
Since Theorem 2 refers to graphs G with ||G|| > 3|G| — 6, one can use it also

for a characterization of all graphs G with ||G||=3|G|—6 not containing a K5. All
these graphs are obtained by pasting disjoint maximal planar graphs together along
triangles. We postpone this determination of the extremal graphs to a later paper.

We need some further notation. For a positive integer n € N and a set
M, we define N, := {m € N:m < n},Bp(M) = {A C M : |Al = n}, and
PB<n(M):={AC M :|A|<n}. As mentioned above, a graph has neither multiple
edges nor loops. So we can consider an edge an element of Po(V(G)), but we write
[x,y] for the edge connecting 2 and y. Correspondingly, for A, BCV(G),[A,B]g:=
{[a,b] € E(G):a€ A and be B}. For ACV(G) or a subgraph ACG, let G(A) be the
subgraph of G spanned by A,G— A:=G(V(G)—V(A)), and Ng(A):={xeG—-A:
there is an [a,2] € E(G) with a€ A}, where x € G for a graph G always means
x€V(G). For A={a}, we simply write G—a, Ng(a) etc. and we delete a subscript
G, if it seems obvious which graph is meant. For subgraphs Ay, As C G, disjoint
means vertex disjoint and is denoted by A1 N Ay =0. Let 6(Q) := mingecqda(z)
denote the minimum degree of G and define V;,(G) := {z € G : dg(z) = n} and
Von(G) :={r € G:dg(z) >n} for n € N. The set of components of G is denoted

by €(G) and a C € €(G) is called trivial, if |C] =1. Set ¢(GQ) := |€(G)|. For a
graph G and E' CBo(V(Q)),GUE'" is the graph (V(G),E(G)UE’), i.e. also an
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[z,y] € E(G)NE' remains a simple edge. For H C G, the graph G/H arises from
G by identifying V(H) to a z € H (deleting all arising loops and multiple edges),
hence V(G/H)=V (G — H)U{z}; for connected H, we call it a z-contraction and
say, H is contracted to z. We call a contraction G/H proper, if |H| > 2, and
for [2,y] € E(G),G/|y,) = G/H for H := ({z,y},{[z,y]}). For a graph G with

5(G) > 3,B(G) ={zxeq: d¢(w) > 3} denotes the set of branch vertices of the

subdivision G of G.

A path and a circuit pass through every vertex at most once. A path P :
g, T1,...,Ty is given by the sequence of its consecutive vertices xg,z1,...,Zn, but
is considered as a subgraph. If the path P has endvertices a und b, we call P

o]

an a,b-path and define P:= P — {a,b}; we have always a # b or |[P| = 1. For
vertices xz,y of a path P, P[x,y] denotes the z,y-path contained in P, and similarly,
Plz,y) := Plx,y] —y. For A; CV(G) or A; CG for i=1,2, an Ay, Az-path is an
ay,ag-path P with V(P)NV(A;) ={a;} for i =1,2 and an Aj-path is an aj,a9-
path P with a1 # a2 and V(P)NV (A1) ={a1,a2}. For A} ={a1}, say, we write
simply a1, Ao-path, and if aj € Ao, the only aq, Ae-path is the path consisting of a.
For distinct vertices x,y € G, k(x,y; G) denotes the maximum number of openly (or
internally) disjoint x,y-paths in G, and £(G) :=ming, k(z,y;G) is the connectivity
number of G2 K7 and k(K1) =0. So every n-connected graph G has |G| >n+1.
For z€ G and ACV(G—x) or a graph A with V(A4) C V(G —x), an x,A-fan of
order n in G is a set of x,V(A)-paths Pi,...,P, in G with V(P;)NV (P;)={x} for
all {i,7} €PB2(Ny,). We call ay,...,ap the endvertices of the x, A-fan Py,..., Py, if
V(P)NV(A) ={a;} for i € Ny, and say, the fan ends in {a1,...,an} and P; ends
in a;. Sometimes it is convenient to admit also x € A. If x € A, then an z, A-fan of
order n consists of an x,(A—{z})-fan of order n—1 and the z,z-path.

A set T CV(QG) separates the graph G minimally, if G —T is disconnected,
but G —T" is connected for all T'CT. A set T C V(G) separates G trivially, if
¢(G—T)=2 and G—T has a trivial component. If z € G and ACV (G —z), we
say, a T CV(G) separates x from A, if x¢T and CNA=0 for the C € €(G—-T)
containing x. F' is a T-fragment of G, if there is a non-empty 6’;¢(G7T) such
that F= J C holds. In particular, if F' is a T-fragment, then T separates G and

Ced’
F:= |J Cfor ¢ :=¢(G—T)—¢ is also a T-fragment, the complementary T-

Cee”
fragment. Furthermore, we define, F:=G(FUT) for a T-fragment F of G. Since
F depends on G and T, we will normally define ad hoc, what is meant by F. If T
is minimally separating G and F is a T-fragment of G, then Ng(F)=T.
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2. Presumed results

In this section we put together the results we need in the proof of Theorem 2. First
of all some results from [6].
Theorem M [6]. Every graph G with 7(G)>5,||G|| >2|G|-5, and |G| >5, which is

neither the pentagon nor the Petersen graph, contains a K 5 -
We will use this result also in the following form.

Corollary M. Let G be a graph with ||G|| > 3|G| —8 and |G| > 6 such that there
is a z€ G with Ng(2) =V(G —2) and 7(G —z) > 5. Then there is a K5 C G with
2¢ B(K3) or G —z is the pentagon or the Petersen graph.

Proof. Since ||G—z||=||G||—|G—2|>3|G—z|—-5—|G—z|=2|G—z| -5, we can
apply Theorem M to G —z and get a K5_ C G —z, if G-z is neither the pentagon
nor the Petersen graph. Joining the vertices a,b of degree 3 in Kg C G —z by the
path a, z,b, we get K5 C @G as wanted. [ |

We need further the following property of the Petersen graph.

Lemma Pet [6]. In the Petersen graph P, for every AePB3(V(P)), there is a K4 C P
with AC B(K}).

We need a concept of connectedness stronger than n-connectivity, but weaker
than (n+1)-connectivity. We call a graph G n"-connected for an n€N, if x(G)>n
and every S €, (V(G)) separating G separates G in a trivial way.

Lemma M [6]. Let G be an n™-connected graph for some n€N.

(a) Assume x € G with d(x)>n+1 and ACV (G —x) with |A|>n+1. Then
there is an x, A-fan of order n+1 in G or |A|=n+1 and there is an a € A with
Ng(a)=A—{a}.

(b) If |G| > n+4, for all distinct x1,29 € G with d(x;) > n+ 1 for
i=1, 2, k(x1,22;G)>n+1 holds.

The following consequence of Menger’s theorem is due to H. Perfect [9].

Theorem P [9]. Let x be a vertex of a graph G and ACV (G —z). If there are an
x, A-fan of order k ending in aq,...,a; and an x,A-fan of order n >k in G, then
there is also an x, A-fan in G of order n ending in A’ D{a1,...,a;} ( with |A'|=n).

At the end of the proof we will apply the following result due to M. E. Watkins
and D. M. Mesner [15].

Theorem WM [15]. Let G be a 2-connected graph and assume A = {aj,a2,a3} €
P (V(G)) is not contained in a circuit of G. Then at least one of the following
three cases occurs.
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(i) There are an S = {s',s?} € Po(V(G) — A) and a C; € €(G — S) with
V(C;)NnA={a;} for ieN3;

(i) There is an S = {si,s},s1,52} € P4(V(G) — A) such that there is a
C; €€(G—{s},s?}) with V(C;)N(AUS)={a;} for i€ Ns;

(ili) There are disjoint S* = {s1,s,s3} and S?={s?,s3,53} in P3(V(G) - A)

so that there are {s},s?}-fragments C; of G with V(C;)N(AUS'US?)={a;} such

’L”L

that €((G — U V(Cy))—{[s},s?]:i€N3})={C,C?} with S*°CV(C?) fori=1,2.
i=1

Note that also in case (ii) and (iii), C;NC; =0 for i # j, since k(G)>2 and
for i € N3, N(C;) = {s},s?} and C; NS =0 in case (i) and N(C;) = {s},s?} and
C;N(STUS?)=0 in case (iii).
Remark. Watkins and Mesner dit not state their result in [15] for specified vertices
a1,a2,a3, but their proof works for this specification (cf. “Concluding remarks” in
[15]). Theorem WM is also an easy consequence of the “H-paths Theorem” in [5],
since a system of three openly disjoint A-paths in G, in every a € A ending exactly
2, is equivalent to a circuit containing A. In the notation of [5], then the cases (i),
(ii), and (iii) correspond to |Cp|=2,1, and 0 respectively.

When dealing with Theorem WM, it is convenient to use a common notation
for the different cases. So we denote always N(C;)= {sl )55 52} =:S; for i€ N3. Hence
in the cases (i) and (i) we have s} =si =sl=:s! or s7 =sZ=s%=:5% Similarly, we

write S%:= {s; :j €Nz} for i=1,2 also in (i) and (ii) and C?:= (S%,0), if |S?|=1.
In case (ii), G —s? is connected, hence also C1:= (G —s2) — U V(C;) is connected.

But for symmetry in the arguments, in general, we do not assume |S?|=1 in case

(i), but only |S'|=1 or [S%| =1. In the cases (i) and (i), the C; are defined as
components, but it is more convenient to enlarge them to fragments as in case (iii).
We will assume always that in case (i) C1,Ca,C3 are S-fragments of G forming a

partition of G'— S and that in case (i) C} is the union of all C € €(G — {sjl,SQ})
with V(C)N(AUS) C {a;}, as we have it per definition in (iii). So in all cases,
C1,Co,C3,C1,C? form a partition of V(G), where C! in case (ii) is defined as

above, but using the fragments C;. Furthermore, C; := G(C; U S;) for i € N3, as
defined in general.

Before we introduce further notation, we will show that C' and C? have nicer
properties, if we minimize |C|+|C?|.
Corollary WM. If we choose in Theorem WM the case and the partition
C1,Co,C3,C1,C? so that |C1|+|C?| is least possible, then

(ii) S? is contained in a block of C* for i=1,2 and even
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(iil) ®(C?) >2 for i=1,2, if |C*|>1 and |C?|>1.

Proof. We may assume |C'| > 1, hence |S'| = 3. As we have seen above, C*
is connected. Suppose there is a s € C1 separating C1. If for all C € ¢(C! — ),
|C'NS1| <1 holds, then we can take in Theorem W M the vertex s instead of ST and

come to a corresponding partition Dy, Do, D3, D', C? with |D'| < |C'] (and from
case (ii) to case (i) or from case (iii) to case (ii)). This contradiction shows that

there is a Cp € €(C! —5) with |Con S| >2. If there is a C'#Cy in €(C' — 5) with
CcNnSt+£0, say, s% € C, then we can take in Theorem W M the vertex s instead of
s} and come to a corresponding partition Dy, Do, D3, D',C? with |D|<|CY| (but
remain in the same case). This contradiction shows S' C V(Cy)U{s}. Since this
holds for every separating s € 0¥ and j € No (with |C7|>1), (ii) follows. Continuing
the above consideration, there is a C'# Cp in €(C! —s), hence CNS'=§. But for
3
such a C' we must have Ng(C)NC? #0, since x(G)>2 and Ng(|J C;)NV(CH)=S1.
i=1
But this cannot happen in case (iii) of Theorem WM, which proves (iii). |

Applying Theorem WM, we will choose Cy,Ca,C3,C1,C? as in Corollary W M
and use the following notation. If |C?|> 1, then by (ii) of Corollary MW there is
an sé,(Si - {s;'-})-fan P}k,le in C* ending in st,s! for all j € N3, where we have
set N3 = {j,k,1}. If |C?| =1, we use this notation P;k for the path of length 0 in
C". Since #(G)>2, we have in all cases for every j€N3 an aj,S;-fan le,PjQ in 6j

ending in 55,55

3. Some properties of a counterexample to Theorem 2

In this section we start the proof of Theorem 2. We consider a “minimal contrac-
tion” of a counterexample to Theorem 2 and deduce some of its most important
properties.

We assume that there is a 5-connected graph G with ||G|| > 3|G|—6 containing
neither a K, nor a Ks. Consider H :={H C G : H connected with ||G/H|| >
3|G/H|—6 and |G/H| > 5} # . We choose Hp maximal in (H,C). Then Hy
is an induced subgraph of G. Denote Gy := G/Hy and let zy be the vertex of
V(Go) —V(G). Define N1 :=Ng,(20) = Ng(Hp) and Hy:=Go(N1)=G(N1). We
adopt the following notation: for every F C Gy or FCV(Gy), 'F:=F —{2}. We
often use the following property of Gy.

(3.1) If F C Gy is connected with zg € F and 2 < |F| <|Gg| —4, then ||Go/F|| <
3|Go/F|—7 holds.
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Proof. H:=G(HoU'F) is also connected and G/H =G /F. Since |Go/F|>5 and
H2Hy, the choice of Hy implies ||G/H||<3|G/H|—6. ]

Since |Gp| =5 would imply K, C'Gy C G, we have |Gg| > 6. Therefore,
contracting an edge [zg,z] € E(Gy), by (3.1) we loose more than three edges. So we
have shown

(3.2) 6(Hp)>3.
Since k(G)>5, (3.2) and |Gg| >6 imply

(3.3) 9(Go)>4 and dg,(x)>5 for all x€ Gy — Ni.
Next we prove k(Gp) >4 and something more.

(3.4) (a) k(Gp)>4

(b) If T € PB4(V(Gy)) separates Gg, then zy € T, ||Go('T)|| < 1, and
dgo(1)(20) 22, and in the case dg, ()(20) =2, 'T is independent.
Proof. Assume that T is a minimally separating vertex set of G with |7 < 4.

Since £(G) >5,T" does not separate G, hence zo €T Set do:=dg,(7)(20). For any
Cee(Go—T), define Gy :=CGo(CUT)=C and Ga:=Go—V(C)=C. Then |G;|>5
for i=1,2 by (3.3). Since T is minimally separating, F;:=G; —'T is connected for
i=1,2. Let G/ arise from Gg by contracting F; to zg. Then (3.1) implies

(34.1) |Gill < 3|Gi| =7

for i=1,2. Since [z0,t] € E(G}) for all t €T, addition of (3.4.1) for i=1 and i =2
gives

(3.4.2) 1Goll + do +2(IT| — do) + [|Go(T)|| < 3(1Gol + |T]) — 14.
Using ||Gol|>3|Go|—6, (3.4.2) implies
(3.4.3) IT] +do > 6+ |Go (T

Since do <|T'|, this implies |T'|=4, and then dy >2,||Go('T)|| <1 and ||Go('T)||=0
for d0:2. I

We need similar results for certain zg-contractions of Gy.

(8.5) Let HC Gy be connected with zg€ H and 2<|H|<|Go|—5 and let G{, arise

from Gy by contraction of H to zy. Assume ||G{||>3|G(|—7. Then the following
statements hold.

() 8(Gh(Ney (20))) > 2:
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(b) k(Gp) =3 or |G| = 6,dgy (20) =5, and Gy — zo consists of two triangles
sharing exactly one vertex;
c) If T € P3(V(G})) minimally separates Gb, then zg €T, "T C Ny (z9), and
0 0 Gy
if ||G('T)||=1, then T trivially separates G,.

Proof. By (3.1) and assumption we have ||G{||=3|G[| —7. So we loose at least 3
edges contracting an edge (20, 2] € E(G{), since we can apply (3.1) to the connected
F:=Go(HUz) for 2 € Ngy (20) #0 and Go/F=Gy/[s, 2 holds. This proves (a).

Suppose now that 7' C V(G},) with |T| <3 minimally separates G{,. Since T
does not separate G by (3.4)(a), 29 €T. For any T-fragment F of G}, we define
the graphs G1:=FU{[20,t]:t €T} and Go:=FU{[z0,t] :t €'T}. As T separates
G, minimally, G; is a zg-contraction of G{), hence a proper zo-contraction of G for
i=1,2. So (3.1) implies
(3.5.1) [|Gil| <3|Gi| =7 or G; =Ky for i€ Ny,
since |G;| >4 for i€ Ny by (3.3) and (a), and ||G;|| > 3|G;| — 7 implies G; = K, for
|Gi|=4.

Set ;:=3|G;|—||G;]| for i=1,2 and d05:dG’6(T)(ZO)- Then 6; >7 or §; =6 and
G;= K4 by (3.5.1). By addition we get
(3.5.2). |IGoll + IGo(T)I| +2(I'T| — do) = |G1]] + [|G2|| = 3|Gp| + 3| — 61 — b2

Using ||G{)||=3|G| -7, (3.5.2) implies
(3.5.3) 61 + 02 + [|Go(T)|| +2('T| — do) = 3|T| + 7.

Let us first assume |T| <2. Then |T|=2 by (3.5.3) and for an i € No,d; =6
and G2 Ky, say, for i=1. Since ||G((T)||+2(]'T| —dp)>1, also d2 =6 follows and
G2= Ky by (3.5.1). But then ||G((T)||+2(]'T|—dp) =1, i.e. dy=1, and (b) follows.

Now assume |T'| =3. 1 =d2 =6 would imply K, € G by (3.5.1). So §; =6
for at most one i € Ny. Hence 3> ||G{(T)||+2(|'T| —do) > 2. If dy <2,||G(T)||+
2(]'T| —dp) =3 and ||G{('T)||=0, hence d;, =6 for an i € Ng and so G;, =~ K4 by
(3.5.1), which implies ||G,('T)|| =1, a contradiction. Therefore, dy =2 holds. If
[|GL('T)|| =1, then ||G{(T)|| =3, and there is an i € Ny with 6; =6, hence G; = Ky
by (3.5.1), say, i=1. Since K, Z G,|C|>2 for all components C # F of G —T.
This means ¢(G(y —T) =2, since we have seen that there is no T-fragment L of G|,
with [L]|>2 and |L|>2. Hence T separates Gf trivially. |

Our next goal worth mentioning is to show 7(H7)>5. For this we need some
further notation. For {x,y}€Po(N1), there is an z,y-path in G(HoU{z,y})—[z,y],
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since Hy is connected and {z,y} C No(Hp). We denote such a path by zHpy and
call it an a,y-path through Hy. For X € Ps(Ny), we define Hy(X) := {z € Hy:
there is an z, Nq1-fan of order 3 in G ending in X }. Since Hy is connected and X C
N(Hp),Ho(X)#0 for all X €PB3(N1). For X ={x1, 19,23}, we write Hy(z1,72,23)
instead of Hg(X). Suppose z € Hy(x1,z2,23) and set {x1,z9,23} =: X. Since
k(G) > 5, by Theorem P, there is a z, Ni-fan Pj,...,P5 of order 5 in G ending in
r1,%2,23,%4,r5. Of course, P; —x; C Hy for all i € N5s. We denote such a fan by
FE4T5 (Hg(X : 2)) and write also Hy(x1,z2,23:2) instead of Ho(X:z). A z, N1-fan
of order 4 in G ending in x1,x9,23,24 is denoted by §%4(Hp(X :z)). On the other
side, we write Hy(X :z) also for the following subset of NyUBo(Np):{x € Ny : there
is an §¥(Ho(X : 2)) in G}U{{x,y} € Pa(N7) : there is an FHY(Ho(X : z)) in G}.
Of course, {x4,25} € Ho(X : z) implies z4,25 € Ho(X : z), but, in general, not vice
versa. But we have

(3.6) If x € Ho(X : z) for an X € P3(Ny) and z € Ho(X), then there is a
y€ Ny — (X U{z}) such that {z,y} € Hy(X : z) holds.

Proof. By definition of x € Hy(X : z), there is a z, Nj-fan of order 4 in G ending in
X U{z}. Since k(G)>5, by Theorem P, there is a z, Ni-fan of order 5 in G ending
in XU{z} and one further vertex y€ Ny. Then {z,y} € Ho(X :z) holds. |

It is easy to prove now
(3.7) 7(Hy)>A4.
Proof. Suppose X € P3(N1) spans a triangle in Hy. There are a z € Hp(X) and a
yE€Ho(X:2). By (3.4)(a), there is a y, X-fan §3 of order 3 in Go—20=G—V (Hy).
Then the triangle G(X) and the fans §3 and §Y(Ho(X : 2)) form a K5 C G with
B(K5)=X U{y, 2}, contradicting our assumption on G. |

We get as a Corollary

(3.8) Assume T €P4(V(Gop)) separates Gy.
(a) Then |C|#2 for all C €&€(Gy—T).
(b) If there is a trivial C € €(Go—T), then T is independent.

Proof. Be Ce€(Gy—T) with |C|<2. Since zg€T by (3.4)(b), we conclude C'C H;
from (3.3). If |C|=1,Npy, (C)='T by (3.2) and T’ independent by (3.7). |C|=2is
impossible, since for [z,y] € E(C') C E(Hy) we have [Ny, ({x,y})| >4 by (3.2) and
(3.7). |

For getting a K5 C G, we start from subdivisions of certain graphs in frag-
ments of G with branch vertices in Hy. First, a notation. For distinct elements

ai,a2,a3,a4, define

D(a1,a2,a3,a4) := ({a1, a2, a3, a4}, {[a1, a2, [a2, a3], [a3, a1], [as, a4]}).
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So D(ay,as,a3,a4) consists of a circuit through a1,ag,a3 and an a3,as-path. A
typical argument in the proof is as follows. Consider any separating set T =
{a1,a92,a4,20} of Gp, a z € Hp(ay,a2,a4), and an az € Hp(ay,az,a4 : z). Let

Ce€(Gy—T) with ageC. If we can find D(al,ag,ag,a4) C'C and an a4, {ay,as}-
fan of order 2 in ’C, then these configurations form a K4 C'Gy with B(Ky) =
{a1,a2,a3,a4}. Then we could attach an §%(Hg(ay,a2,a4 : z)) and would get a

K5 C G with B(Ks5) = B(K4)U{z}, contradicting our assumption on G. In most
cases, this last step of addition of a z, Ni-fan of order 4 in G ending in the branch

vertices of a K4 C'Gy for a z € Hy will be obvious, so that we will not mention it.
Gy is 4-connected by (3.4)(a), but this is not enough for the proof. I could

not show x(Gg) > 5, but it is possible to prove that G is 4-connected. Originally
I used this, and the proof of this fact was complicated and as long as the whole
paper is now. But it turned out that it suffices to work in a T-fragment of G
which becomes 4T-connected by “completing” 7. We will do this in the next
section. First we study more in detail the separating sets with 4 vertices and define
To0:={TeP4(V(Gp)):T separates Go}.

(3.9) If there are a T €% and a ye Ny with |Np, (y)NT|>2, then ¢(Go—T)=2.

Proof. Suppose there are T € Ty and y € Ny as above, but n:=c¢(Gog—T) > 3
components C1,...,Cp of Gg —T exist. By (3.4)(b), y ¢ T, say y € C1. Set

T = {t1,t2,t3} with {t1,t2} C NHl(y) There are a z € Hy(y,t1,t2) and an
{z,2'} € Hy(y,t1,t2: 2), say, v #t3. First assume x € C; for an i >2. By (3.4)(a),
there is an x,{t1,t2,y}- fan F3 of order 3 in 'C; U’ Cy. Using F3 and a t1,to-path
through 'Cj—t3 for a j €N, —{1,i} #0, we get a K4 C'Go with B(K4)={y,t1,to,},
hence a K5 C G. Therefore, 2 € C;. Since there is an z,y-path in C;, by (3.4)(a)
and Theorem P, we find an z,"T'U{y} -fan of order 3 in 'Cy ending in y,t;,,t;,.
Since n >3, it is easy to find now a Ky C'Go with B(K4) = {y,t1,t2,2}, hence a
K;C G. I

We need a further notation. If F is a T-fragment of G for any T € T, then
the graph F* is defined by F*:=FU{[zg,t]:t€'T}.F* is the graph we get from Gy
by contracting the connected graph Gy (fUzo) to zp. So by (3.1) we have
(3.10) ||F™|| <3|F*|—7 for every T-fragment F of Go for T €%.
(3.11) Let Fy,Fy be complementary T-fragments of Gy for a T €.

(a) Then ||F}|| > 3| F}*|-8 for i=1,2 and there is an i € Ng with || F}"||=3|F}*|-7.
If 'T is not independent or 'T'¢ Ny, then ||F}*||=3|F*| =7 for i=1 and i=2.

(b) If ||| =3|F{'| =7 holds, then |F}|>3,|Nz (t)\N1|>2 for all t€'T, and
K(FY)>3.
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(c) Assume ||F{|| =3|F}| -8 and |Fi| = 2. Then dpy(t) >3 for at least two
te'T. Ifdps(t) >3 for allt €'T, then k(F})>3. If there is ato €T with dpx (to) <2,
then dp» (tg)z?,N,ﬁ(tQ)gNl, and k(F} —to) > 3.

Proof. Define do:=dg,(7)(20) and &;:=3[F|—||F}|| for i=1,2. By (3.10) we have
0; >7 for i=1,2. Easy counting gives

1Goll +[|Go(T)[| +2(3 — do) = |IFT || + [IF5 || = 3(|Go| +4) — 61 — d2.
Using ||Go|| >3|Go| — 6, this implies
01+ o2 + ||Go(T)|] + 2(3 — dp) < 18.

Since ||Go(T)||+2(3—dp) >3 and 6; > 7, we get §;=7 for an i €Na and 0, <8
for j €Ng —{i}. If 'T is not independent or 'T'Z Ny, then ||Go(T)||+2(3 —dp) >4
and hence §; =7 for i=1,2. This proves (a).

We assume now ||F}||=3|Ff|—7. Then F} is not trivial by (3.3), (3.2) and
(3.7). Even |F1| >3 holds by (3.8)(a), (3.3), (3.2), and (3.9). Since F}" arises from
G by contraction of Go(FaUzp) to zg, we can apply (3.5). As"T'C Npx(20), (3.5)(a)
says [Npx(20) N Npx(t)| > 2 for ¢ € T. Since [t,¢'] € E(G('T)) implies ¢’ € N1 by
(3.4)(b), Nps(20) NNpy(t) € N1, and the second assertion of (b) follows. The last
is immediate from (3.5)(b), since |F{'|>7.

Assume now ||Fy|| = 3|F;| —8 and |Fj| > 2. First suppose there is a tg €T’
with dFl*(tU) < 2. Then |NF1*(t()) NFi| =1 by (3.4)(a), say, s € NFI*<tO) N Fi.
Hence dpx(tg) =2 and Fy connected by (3.4)(a). Since [F1|=>2 and F connected,
S:=(T—{to})U{st €T and F':=F —s is an S-fragment of Gg. Since dp:(to)=2,
we have ||F}" —to|| =3|F} —to| = 7. Since F| —to C F*, we conclude F} —tg=F* by
(3.10), hence s € N1, and the other claims of (¢) but the second follow by application
of (b) to F™*.

For the remaining assertion of (c), suppose 6(F}) > 3 and the existence of
a separating vertex set S in F} with [S| < 2. Then zg € S by (3.4)(a), since
'T C Npx(20). Hence there is a C'€ C(Fy — S) with [CNT| < 1. Since §(F}) >3
implies V(C)—T#0,SU(V(C)NT) separates Gg, contradicting (3.4)(a). ]

We can now improve results of (3.4)(b) and (3.8)(b).
(3.12) 'T is independent for every T €%.

Proof. Let 'T'={t1,t2,t3} and assume [t1,t2] € E(G). Then "T'C Ny by (3.4)(b). Let
Fy, P> be complementary T-fragments of Gg. Choose z € Ho("T')). We may assume
that there is an € Fy N Hy('T: z). By (3.4)(a), we can find an z,’T-fan of order 3
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in ‘G, hence a D(t1,ta,2,t3) €' F1. By (3.11)(a), we have ||Fy|| = 3|F5| -7 and
hence k(F3) >3 by (3.11)(b). So x('F3)>2 and we can find a t3,{t1,t2}-fan P, P,
in "F3. Then D(tl,tg,x,tg)upl UPs is a K4 C'Gy with B(K4)=’TU{$}, which we
can expand by an §%(Ho('T:z)) to a K5 CG. ]

We prove now the main result of this section.
(3.13) 7(Hy)>5.

Proof. Suppose Hp contains a circuit of length at most 4, hence a quadrangle @ by

(3.7); say, V(Q)={q;:i€Ny}. Choose z € Ho(q1,92.93). If g4 € Ho(q1,92,93:2), we
find 2 € N1 with {x,q4} € Ho(q1,492,q3: 2) by (3.6). Then an 2,V (Q)-fan of order

3 in Gy (by (3.4)(a)) would furnish a K4 C'Gy with B(K4) C{z}UV(Q), and we
would get a K5 CG. This shows qa¢ Ho(q1,92,q3: 2).
Counsider {z1,22} € Ho(q1,492,93:2). As we have seen, qq # x1,x2. There is a

5
z,Ni-fan Py,...,P5 of order 5 in G ending in q1,q2,q3,%1,22; set F:= |J P;— Ny.
=1
Since Hy is connected and g4 € Ny, there is a ¢4, F-path in G(HgU q4), say, a
q4,y-path. Since y € P4 U P5 would imply the contradiction g4 € Ho(q1,92,93 : 2),

3
we conclude y € |J P; —z, say, y € P| —z. This implies z € Hy(g2,43,q4) and
=1
{z1,22} €Ho(g2,93,94: 7).
Suppose there is a go2,g3-path containing an x;(i € No) in Gg —{20,q1,q4}-
Then by (3.4)(a) and Theorem P, there is an z;,Q-fan of order 3 in Gy—zg ending
in ¢2,q3,q; for a j € {1,4}. In both the cases j =1 and j = 4, we would get a

K4 C'Gy, where B(K}) are the endvertices of a z, Ni-fan of order 4 in G. This
contradiction shows that there is a ¢2,¢3-path P in the connected Gy —{20,41,94}
with V(P)N{x1,x2} =0 and that for i = 1,2, there is a vertex s; separating x;
from {g2,93} in Go—{20,91,94}. Then S; :={20,q1,94,8;} € Tp for i=1,2, hence
{q1,44,s;} independent by (3.12). So s; ¢ Q and q1,q4, hence also g2, g3 are opposite
in the quadrangle Q. We may assume d:=|N(x1)N{q1,q4} <|N(x2)N{q1,q4}|.

If d =2, using Q,P, and the path qi,z1,q4, we get a K4 C G — {z0,22}
with B(K4) =V(Q). But then we could enlarge a z, Ni-fan of order 4 ending in
q1,92,q3,x2 by [12,q4], to get a K5CG. So we must have d<1.

Counsider C € €(Gg—S1) with x1 € C. Since d < 1,|C| > 2. By (3.10) and
(3.11)(a), 3|C*|—7>||C*||>3]|C*| -8 holds. By (3.11)(b) and (c), we may assume
de+(q1) > 3. Since s1 ¢ Q,q2,q3 € C. Since q2,51 have the property of y, T in
(3.9), we get ¢(Gg—S1) =2, and C is connected. Hence, there is a q2,q3-path
P'CC and V(P )n{x1, 22} =0, as we have seen above. If there is a q1,{q4,x; }-fan
Q1,Q2 in 'C ending in g4, ; for an i €Na, then Q,Q; and P’ form a K4 C'Go with
B(K4) =V(Q) and we can extend a z, Ni-fan of order 4 ending in ¢2,q3,q4,2; by
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Q2 to get a K5CG. So there is not such a q1,{q4,x; }-fan, neither for i=1 nor for
i=2. For x1 € C, this means by (3.11)(b) and (c), that the case (3.11)(c) occurs

for C*,d,=5(q4) =1 and [g4,21] € E(C). Then by (3.11)(c) again, zo ¢ C. Since
q4 € N(x1),d=1 and N(x2)N{q1,q4} # 0 by the choice of x1, say, q; € N(x2) for
a je{1,4}. Then Q,P’, and a q,q4-path in 'C form a K4 C G — {zg, 22} with
B(K4) =V(Q) and for the j’ € {1,4} —{j} we can enlarge a z, Ni-fan of order 4
ending in ¢2,¢3,q;/,22 by [r2,q;] to get a K5CG. |

For later use, we define Hs:='Gy— N7 and note

(3.14) Every F C Gg with zg € F,||F|| > 3|F|—7, and |F|>5 contains a vertex of
Hs. In particular, |Ha|>1.

Proof. If 'F C Hy, then (3.13) and Corollary M imply the existence of a K5 C G, for

'F isomorphic to the pentagon or the Petersen graph cannot happen, since otherwise
||F[| <3|F|=8. i

(3.15) For every x € N1, Hy —x does not contain the Petersen graph.

Proof. Assume, for an xg € Ny, there is a P C H{ — zq isomorphic to the Petersen
graph. By (3.4)(a), there is an xg, P-fan 3 of order 3 in ‘G ending in aq,as,as,
say. By lemma Pet, there is a K4 C P with {a1,a2,a3} C B(Ky), say, B(K,) =
{a1,a9,a3,a4}. Then K4, 3, and a path xgHpay form a K5 with B(K5) :B(K'4)
{zo}

m C

Furthermore, we will need the following special result related to (3.11)(b).

(3.16) Let F be a T-fragment of Gy for a T € Ty with ||F*|| =3|F*|—7. Then
K((F*—1t1) — [20,t2]) >2 for all {tl,tQ}E‘BQ(’T).

Proof. We have |Ng,(t)NF|>2 for all t €'T by (3.11)(b) and (3.12). This also

holds for ¢t = zg. If F'N Hy =0, this follows from (3.11)(b). If FN Hy # 0, say,
be FN Hs, there is a b, Ni-fan of order 5 in G, since x(G)>5, hence a b, N1-fan of
order 2 in Go—T, which implies [Ny NF|>2.

Suppose there is a separating vertex s in (F* —t1)—[z0,t2]. Then S:={s,t1}
separates F* — [z0,t2] and zp and ty are in different components C and Co of
(F* —[20,t2]) =S by (3.11)(b). Then |C;| >2 for i=1,2, since |Ng,(t)NF|>2 for
teT and [SNF|<1. Since |[T'NC;,| =1 for an iy € Na, we get a separating set
SU(TNV(Cy,)) of Go consisting of three vertices, contradicting (3.4)(a). |
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4. Completion of the proof of Theorem 2

In this section we will finish the proof of Theorem 2. The main tool in the proof
will be Theorem M, which we shall apply to an appropriate subgraph of Hy in the
form of Corollary M.

Let us first assume that G is not 5-connected, hence Ty # (). Consider
o :={U :U non-trivial fragment of Go—T for a T € To} #0 and choose Uy € LUy
such that |Up| = min{|U|: U € Yp}. Set Ty := Ng,(Up) € To. Then zg € Ty by
(3.4)(b). We define Uqy:=G(UpU'T), the graph U :=Gy(UyUTy)U{[20,t]:t€'To},
and Uy =UZ U{[t,t']: {t.,t'} €PBa(To)} (cf.(3.12)).

If Gg is 5-connected, we define these graphs in the following way. Since a
Kg C H; can be extended to a K5 C G by a suitable path zHgy, there is no
subdivision of K5 in Hy. Hence, by (3.2) and the result of J. Pelikan [8] that
d(H1) >4 implies the existence of a Ky CHy or by (3.2), (3.13), and Theorem M,
Hj contains a vertex vg with dp, (vg) =3. Now we define Tp := Ny, (vo) U{20},
Up:=Go—To,Uy:='Gy, and U} :=Uy =G.

We prove some properties of Ugy,Tj.
(4.1) (a) Uy is connected;
(b) [Uol = 3;

(¢) IN(t)NUy|>2 for all t€Ty;
(d) CNNy#0D for all Ce&€(Go—Tp) and |[UyNNy|>2.

Proof. Using (3.13), these properties are immediate, if Gg is 5-connected. So
assume Ty € Tg. If Uy is disconnected, by the minimal choice of Uy, it consists of two
singletons x1 and x9 with dg,(z1) =dg,(r2) =4. But this implies {1,292} C Ny,
hence "Tg C N1 by (3.2) and so the existence of a quadrangle in Hy, a contradiction
to (3.13). So (a) follows and similarly we get (b) from (3.2) and (3.13), since
UoN Hy # () is impossible for |Ug| =2 by (3.3), since zg € Ty. Then (b) and the
minimum property of Uy imply (c). If for a C' € €(Gg —Tp),C N Ha # 0, then
"ToU(V (C)NN7) separates G and so |CNNy|>2, since k(G)>5. This implies (d). i

(4.2) (a) UO+ is 41 -connected;

(b) For every D C Uy with |D|>5 and x € (HyNUgy) —V(D), there is an
x, D-fan of order 4 in 'Gy.

Proof. We may assume again x(Gp) = 4. Suppose there is a T C V(Uar) with
|T| < 4 separating UO+. Since Ty spans a Ky in UO+, there is a T-fragment F of
Uy”—T with FNTy=0. Hence T'€ T and V(F)SV (Up) by (4.1)(a), so |F|=1 and
|¢(U6r —T)| =2 by the minimal choice of Uy. This proves (a). Let D and x be as
described in (b). Since ’Uar is 3T-connected by (a), there is an z, D-fan of order 4
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in /UE)F by (3.3),(4.1)(c), and lemma M (a). Choose such an z, D-fan Py, Py, P3, Py

containing a minimum number of edges from E(Uy ('T)). If there is at most one

edge of E(Uy ('Ty)) contained in U P;, then we can replace this edge with a path
=1

in the connected graph G(UpU'T) to get an z, D-fan of order 4 in ‘Gy. So we may

4
assume that there are exactly two edges e1,es of E(UO+ ("To)) in |J P;. Then eq,e2
i=1
are incident to 2 by the minimal choice of the fan, in particular, x € 'Ty. Then
"To & N1 and so ||U5||=3|Ug| -7 by (3.11)(a) and x('Ug) >2 by (3.11)(b), where
U means (Uy)*. But then we can replace e1,ep with an x, ("o —{z})-fan of order

2 in ’175‘:[70 to get an x, D-fan of order 4 in 'Gy. ]

Now consider Sp:={S C Ny :|S| <3 and Hy— S has a non-trivial fragment
F CUpy}. Then TgN Ny € Sg by (4.1)(d) or by definition of Ty, (3.2), and (3.13).
So we can choose Sg €Sy and a non-trivial fragment Fy C Uy of Hy; — S such that
|Fo| =min{|F|: F CUy is a non-trivial fragment of Hy — S for some S €Sp}. First
we prove corresponding properties for Fy as in (4.1) and (4.2) for Up.

(4.3) (a

) Fo is connected;
(b) |Fol23;
(¢) |Sol=3 and Ny, (Fo)=So;
(d) [N(s)NEFp|>2 for all s€Sp.

Proof. (a) follows from (3.2), (3.13), and the minimal choice of Fyy. Again by (3.2)
and (3.13), (b) follows and then (c) and (d) by (b) and the minimum property of
Fo. |

Using the notation Fg:= Hy(FyUSp),FoCUp by (4.3)(c) and then §(Fg) >2
and V5(Fo) € Sp by (3.2) and (4.3)(d). Fq is connected by (4.3) (a)/(d), but one

can easily prove more.
(4.4) Fy is 2" -connected.

Proof. Assume T CV (F() separates F(y and |T|<2. Then there is a C € €(Fg—T)
with |C'NSp| <1. Since TNFy# 0D by (4.3)(a)/(d), |C —So| < |Fo|. |C—Spl=1
is impossible, since this would imply |[C'N Syl = 1 and hence the existence of a
triangle in Hq(C'UT) by (3.2) and (4.3)(d), contradicting (3.13). So |C'—Sp|>2 or
|C'—Sp|=0. If |C'—Sp| > 2, then for T":=TU(V(C)NSp) € P<3(N1),Hi —T" would
have a smaller non-trivial fragment C' — Sy C Fy C Uy than Sp has, a contradiction
to the choice of Fy,Sg. So we conclude that C' consists of a vertex s € Sy, hence
T C N(s) and |T|=2 by (4.3)(d). Hence x(F()>2 and by (3.13) there is exactly

one C € €(Fo—T) with |CNSy|<1. This shows that F is 27-connected. ]
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In some cases we will have to consider F and a path connecting two vertices
of Fg. So let x,y be distinct vertices of Fy and let Py C'Gg be an z,y-path with
V(Py)NV (Fg)={x,y}. Then we define the graph F(];O :=FgU[z,y] and for every
F CF, we denote Fp, := (F— [x,y]) UR, if [v,y] € E(F), and Fp, == F, if

[z,y] ¢ E(F). Similarly, we define the graph G(I;O = (Go— V(lg())) U[z,y] and for
HCGY Hp, == (H —[z,y)) UPy or Hp, := H, if [z,y] € E(H) or [z,y] ¢ E(H),
respectively. We use the same notation also when Fy denotes the empty graph:
then Fo:=Fo, Fp,:=F, GLv:=Gy, and Hp,:=H.

(4.4), (4.3)(b)/(c), and lemma M (b) imply x(x,y; Fg) >3 for all x #y from
Vzg(Fo). Since Fgo is 2T-connected, too, n(x,y;?é%) > 3 for all z # y from
V23(F(I)D %) follows in the same way.

Now we will consider G :=Go—V(F) and G1:=Go(G1USy) =Go—V(Fp).

Our next aim is to show that ‘Gy is connected and |Ng('G1) N Fy|=2. For this we
need some preparation.

(4.5) Let c1,co be distinct vertices of Fy with {c1,co}NSo#0 and let Py be a c1,ca-

[¢] —
path in 'Gy with PyC'Gqy or Py=0. Set F ::F(])DO. Assume P, Py, P3 are openly
disjoint ay,ao-paths in F' for distinct a1,a2 € F. Then the following statements
hold.

3
(a) If there is an x, |J P;-fan Q1,Q2,Q3,Q4 in ’Gg)o ending in aj,as,a3,ay for
=1
P 3
an x€'Gy° — |J V(Pj), then ag,as € P; for an i€ N3.
7j=1

b) If for an x€'Gy —V(Py), there is an =, F-fan Q1,Q2,Q3,Q4 in 'GL? ending in
0 g
ai,a9,a3,a4 with az € Py, then dp(a3)=2.
3 3
¢) Assume for an az € F — V(P;), there is an a3, |J P;-fan L1,Lo,L3 in F
J
=1 i=1

o 3
ending in by,ba,bs with b; €P; for i €Ns and set D:= |J (P;UL;) CF. Then for
=1

1=

now G’Gg)o —V(D), an x, D-fan of order 4 ending in ay,a3,as3,a4 exists in ’Gg)o.

3
Proof. (a) Assume there is such an z, |J P;-fan Q;(j €Ny) with a; 49 € P; for each
i=1

1=

1€ Ny, say. Since <

)

3 .
Pi> forms a K, C'Gp with
=1 Py

B(K}) = {a1,a2,a3,a4} C N1,
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4 3 . . .
(U Q;u U PZ> forms a K, C'Gy with B(K; ) = B(K,)U{z} and hence
Jj=1 =1 Py
K5_ UasHpay is a K5§G

(b) Suppose dg(ag) > 3. If |PoU P3| =3, say, V(P,UP3) ={aj,a2,b}, then
PUPy FQ by (3.13), hence [c1,c2] € E(P2 U P3) 7E(FQ). But this implies
dp(b) > 3, since then dp(c¢;) > 3 for i = 1,2 and in the case {c1,ca} = {a1,a2},
we have {a1,a2} N Sp # () by assumption on {c1,c2}, so b € Fy or dp(g,)(b) > 1,
hence dp(b) > 3 by (4.3)(d). Therefore, by lemma M (a), an as, (P U P3)-fan of

order 3 exists, since F is 2T-connected by (4.4). Hence by Theorem P, we find
an as,(PyUPs)-fan L1,Lo,L3 in F ending in aj,as,a. We may assume, a € Py,

3
and denote D := P, UPsU |J L;. If there is an a4, D-path @ in F ending in
=1

a' € D—{a1,as,a3}, then the z, D-fan Q1,Q2,Q3,Q4JQ in ’GOPO together with at least
one of the following three triples of openly disjoint a;,a;-paths (1 <7< j< 3)in D
contradicts (a), namely the triple L1UL9, P», P (if ’ € P3) or L1, P2]ay,a)JL3, PsULy
(if a €L U Psla,alULs) or Lo, Pslag,alU Ls, PsU Ly (if a € Ly U Pylag,a]U Ls)
(see figure 4.1). This contradiction shows ag ¢ D and the existence of an aq, D-fan
LY, Ly of order 2 in F ending in a;,a; with 4,j € N3, because x(F)>2 by (4.4). But
then Q1,Q2,Q3,Q4 and three openly disjoint a;,aj-paths in F, namely Lj UL} and
two appropriate a;,a;-paths in D, give a contradiction to (a).
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(c) Assume, for an mE’GfO —V(D), there is an z, D-fan Q1,Q2,Q3,Q4 in ’GOPO

3
ending in a1,a9,a3,a4. By symmetry, we may assume a4 € |J P; and ag ¢ P;. Then
=1

Q1,Q2,Q3UL1, Q4 together with Py, Py, P3 contradict (a). |

(4.6) Proposition. Let c1,co be distinct vertices of Fo with {c1,c2}NSo#0 and let
o —
Py be a c1,co-path in 'Go with PyC'Gy or Py=0. Set F::Fg)o.
Then there is no x €'Gy —V (Py) such that there is an x, F-fan Q1,Q2,Q3,Q4
in /G(]]DO ending in a1,a2,a3,a4 with {a1,a2,a3} CV>3(F).

Proof. Suppose there is such an z, F-fan Q1,Q2,Q3,Q4 for an z €'G1—V (Py). Then
there are openly disjoint ai,as-paths Py, P, P3 in F by (4.3)(b)/(c) and lemma

3
M (b), since F is 2" -connected by (4.4). From (4.5)(b) we can conclude a3 ¢ |J P;,

=1

3
since dp(az) >3. Since | J P;| >4 and a3 € V>3(F), by (4.4) and lemma M (a),

=1
3
there is an ag, |J P;-fan L1, Lo, L3 of order 3 in F ending in by,bg,b3. Assume
=1
there is an ¢ € N3 with |V(P;)N{b1,b2,b3}| > 2, say, by,by € P3 with by € P3[ay,ba].
Then the openly disjoint a1, as-paths Py, Pa, P3[a1,b1JUL1UL2UPs[b2, as] contradict
(4.5)(b), since a3 € V>3(F) is on the last path. This contradiction shows that we

o 3
may assume b; €P; for all i € N3. Defining D := |J (P;UL;), we can apply (4.5)(c)
i=1
and conclude that there is no a4, D-path @ in F' with endvertex in D—{ay,a2,a3},
since otherwise @Q1,Q2,Q3,Q4UQ would contradict (4.5)(c). In particular ayq ¢ D.

Hence there is an a4, D-fan L, L} of order 2 in F' ending in a;,a; with 4,5 € N3,
since k(F)>2 by (4.4); say, i=1 and j=3. Then the openly disjoint ai,ag-paths
Lll UL! ,Prla1,b1]UL1, PUPslag,b3]ULs in F contradict (4.5)(a). [ |

We use the following notation for the rest of the proof. Define A:=N¢g('G1)N
V(Fp) and B:=Ng(A)NV ('Gy). Since Fy is a component of H;—Sg and SoNG1 =1,
we see BCV (Hs). Since Fy C Uy, also BCUy. Furthermore, we define a bipartite
graph G(A, B):=(AUB, [A, Blq) € G, A=} e p(dg(a,p) () —1) = ||G(A, B)[|-|B],

and G} :=G1U{[20,b]:b€ B}. We note some properties of G7.

(4.7) (a) [IG(A, B)|I=]IGT[I - IG1ll+A;
(b) [IGTII<3|G1|=T7;
(c) k(G7]) >3, if equality holds in (b).
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Proof. Since B C V(Ha2),||G%]| —||G1|| = |B|, and (a) follows from the definition
of A. Since G7 arises from G by contracting the connected subgraph Go(FpUz)
to 2q, (b) follows from (3.1). Since Hy# 0 by (3.14), Hy —V(Fo) #0 and [Sp|=3
by (4.3)(c), we can apply (3.5), if equality in (b) holds, and get x(G}) >3 or 'Gy
consists of two triangles sharing exactly one vertex c¢. But the latter case cannot
occur, since otherwise |Ho|=|H1 —V (Fo)|=1 and c€ H; —V (Fg) by (3.2), since c
is the only vertex of degree exceeding 2 in 'G. Hence one of the two triangles of
Gy is in Hy, a contradiction to (3.13). ]

(4.8) A>1 and |A|>2. If A=1, then ||G}||=3|G]|-T.

Proof. Since F C Hy,||Go(FoUz2p)|| <3|Go(FoUzp)| —9 follows from (3.13) and
Corollary M, since |F|>6 by (4.3) and Fy is not the Petersen graph by (3.15) and

since a K5 C Gy (FoUzg) with zq ¢ B(f(5) gives a subdivision of K5 in G replacing
zo with a path through Hpy. By addition of this inequality and (4.7)(b), we get by
(4.7)(a) [|Goll = A +3+[G(So)|| =|Go(FoUz0)l| +[|GT]] < 3(|Gol| +4) — 16, since
So € N1. Using ||Gol|>3|Gp|—6, this implies A >1. If equality holds here, it must
also hold in the inequalities added, especially in (4.7)(b). But A >1 means that
there is a b€ B with dg(4,p)(b) =2, which implies [A]>2. |

(4.9) Proposition. 'Gy is connected.

Proof. Suppose c('G1)>2. B#0 by (4.8), say, € B. Then z € HoNU by definition
of Fp,Sy. Consider C € €('G1) containing x. By assumption, there is a C’ # C in
¢('Gy). First we show

(4.9.1) ING(C") N Sp| > 2.

Proof. If Ng(C')NFy#0, then there is a y € C'NHoNU(. Hence there is a gy, Fo-fan
T4 of order 4 in ‘G by (4.3) and (4.2)(b) ending in Y €B4(V (Fp)). Then (4.6) (for
Py=0) implies [YNV>3(Fo)| <2, hence [YNSy|>2 by (3.2). Since Y C N (C'), we
may therefore assume, Ng(C')N Fy={. But this means SyU{zp} € Tp and hence
SoU{z0}=Ng(C’) by (3.4) (a) and (4.3)(c). |

There are c1 # co in Ng(C')N Sy by (4.9.1). Hence there is a c1,co-path Py
in G(C'U{c1,c2}). Define F := Fg)o. Then dp(c;) > 3 for i = 1,2 by (4.3)(d).
Since = € HyN Uy, by (4.2)(b) again, there is an z, Fo-fan §4 of order 4 in ‘G

o
ending in X € P4(V(F)). Since PoC €’ and z € C, hence F4 in ’G(]]DO, (4.6)
implies again [X NV>3(F)| <2, hence | X NV5(F)| > 2, which is impossible, since
[Va(F)| <[So—{c1,c2}|=1 by (4.3). [ |

Now we can easily determine |A|.



588 W. MADER

(4.10) Proposition. |A|=2.

Proof. Suppose |A|>3. Since A >1 by (4.8), there is a be B with |[N(b)NA| > 2,
say, {a1,a2} C N(b)NA. Since |A| >3, there is an a3 € A—{aj,as}. Since 'Gy is
connected by (4.9), there is a b,az-path in G('GyUas). Since b€ HoNUy, there is
a b, Fo-fan of order 4 in ‘G by (4.2)(b), hence also one ending in ai,as,as,as by
Theorem P. But since {ay,a2,a3}C V23<F0), this contradicts (4.6) for Py=0. So
|A] <2, hence equality by (4.8). |

We complete now the proof distinguishing the cases A>2 and A =1 according
to (4.8).

(i) A>2.

Then, by definition of A and (4.10), there are by #bo in B with AC N (b;) for
1=1,2. Let A={a1,a2} by (4.10). There are openly disjoint ay,as-paths Pj, Py, P3
in F by (4.4), lemma M (b), and (4.3)(b)/(c). Set Vp:=(V (P UPUP3)—A)U{z}.
First we show

(4.11) There are py #p2 in Vyy such that there is a py,p2-path P in Go—((VoUA)—
{p1,p2}) containing by and bs.

Proof. First we show that such a p1,pa-path P’ exists in Uar. (Note Vo C FoUBU
{20} CUy.) Then we shall use P’ to verify (4.11).
Since BCV/(Hz), we have d;+ (b)>5 for all be B by (4.1)(c) and definition of
0

Uy Therefore, there is a by, VpU{bo}-fan of order 3 in Uy” — A by lemma M (a),
since UO+ — A is 2" -connected by (4.2)(a) and |Vp| > 3. Since 'Gy is connected by
(4.9), ’U(J)r—V(FQ) is connected, too. So there is a by, by-path in ,US—V<F())7 hence,
there is also a by, VoU{ba }-fan Q1,Q2,Q3 in UarfA ending in q1,q2,b2 by Theorem
P. Again by (4.2)(a), lemma M (a), and Theorem P, there is a by, Vi-fan Ry, Ra, R3
in UJ*A ending in r1,79,b; for V1 :=1UV(Q1UQ2). If (Q1UQ2)N(R1UR2) =0, we
can take, for instance, the path P':=Q1UR3UR;. So we may assume Q1 NR1 #0,

hence 71 € Q1 —by. Then the path P':=QoUR3UR; UQ1[r1,q1] has the property
wanted.

Say, P’ is a p1,pe-path in US' as constructed in the preceding paragraph. Now
P’ can be modified to a p1,pe-path P in Go—((VoUA)—{p1,p2}) with the required
property. For this, we have to replace in P’ these edges of Ey ::E(P’)HE(US'(TO))
which do not belong to Gy. We may assume that {[x,y],[y, 2]} € B2(FEp) implies
y€{b1,ba}, since US'(TO)%JKZ;. Since |{b1,b2}NTp| <1 by (3.4)(b), this means,
(i) |Ep| <1 or
(ii) Ep consists of two edges [t1,b] # [t2,b] with be {b1,ba} or
(iii) Fo consists of two disjoint edges [t1,t2] and [z0,].
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If case (i) occurs, then we can take P := P’ or get P from P’, replacing the
edge [z,y] € By with an z,y-path in Go— (V(U") — {z,y}) by (3.4)(a). So we may
assume |Eg| > 2. If we have case (ii), then b€ HoNTy# 0, hence Hﬁa‘H :3|(~]6"| -7
by (3.11)(a). For {t1,t2} C'Ty, there is a b, {t1,ts}-fan Q1, Q2 in Go(UpU{b, t1,t2})
ending in t1,t9 by (3.11)(b). For zg € {t1,t2}, there is a b, {t1,t2}-fan Q1,Q2 in
Go(UpU{b,t1,t2}) ending in t1,tp by (3.16). Now P arises from P’ by replacing
[b,t;] with Q; for 1=1,2.

Now only case (iii) remains. If [zg,t] € E(Gp), we have only to replace [t1,%2]
with a t1,to-path in ﬁg —{z0,t}, which exists by (3.4)(a). So we may assume
[20,t] ¢ E(Go). Then t € Ho and by (3.11)(a) again Hf]a‘H = 3\&6‘| — 7. Say,
by ¢ P'[20,b1] and p; = z9. Obviously, we may assume t1,to € P’[by,p2]; say,
ta € P'[t1,pa]. Since the graph U’ :=Ug —[20,t] is 2-connected by (3.11)(b), there are
two disjoint {t,t1},{z0,t2}-paths Q1,Q2 in U’ by Menger’s Theorem (cf. Theorem
3.3.1 in [1], for instance). Since U’ C Gy by (3.4)(b), it is easily checked that
P:= (P —{[t,z0],[t1,t2]}) UQ1UQ2 is a p1,pe-path with the required property. 1

Let P be a pi,ps-path as in (4.11). We may assume p; € P; and by €
P[p1,b2]. Since by,aq,ba,as is a quadrangle in G, we get a K4 C'Gy with B(K4) =
{a1,a2,b1,b2}, using P[by,bs] and anyone of the paths P, P>, P3. Now we can

. . o [e]
easily extend such a K4 to a K5 C G. If py €Py U P3 U{zp}, we can enlarge

o [¢]
for po €Py U P3 the path Plba,pa] by paHop1 and for py = zo the ba,p)-path
Plbg,p2) by pyHopi to a ba,pi-path Py, since {p1,p2} € N1 and {p;,ph} C N1,
respectively. But then we can extend a Ky as above by the p1,{b1,a1,az,bs}-fan

. o]
Plp1,b1], P1[p1,a1], P1[p1,a2], Py to a K5 CG. This contradiction shows py €P1, say,
p2 € Pi(p1,a2). But now we can expand a Ky as above by the py,{b1,b2,a1,as} -

fan Plp1,b1], P1[p1,p2]UP[p2,ba], P1[p1,a1],p1 Hoaz to a K5 C@G. This contradiction
shows that case (i) cannot occur and we have A=1 by (4.8).

(i) A=1.
Then £(G7) >3 holds by (4.8) and (4.7)(c) and there is a be B with N(b) 2 A

by definition of A and (4.10). Set So={s1,$2,s3} according to (4.3)(c). First we
show

_ _ o
(4.12) There are a b, Syp-fan Q1,Q2 in "G and an Sp-path Qq in’G1 with Qq N(Q1U
Q2)=0.

Proof. First assume there is a circuit C' in ‘G containing Sg. If b€ C, the existence
of such paths Qq,Q1,Q2 is obvious. If b¢ C, we can find a b,C-fan Q’l,Q/Q of order

2 in ‘G, since "Gy ='G7 is 2-connected. Since there is an Sp-path Qg C C' with
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[e]
Qo N(QLUQYL) =0, the b,C-fan @Q),Q% can be obviously enlarged to a b, Sp-fan
Q1,Q2 which has only endvertices with Q¢ in common.

So we may assume that there is no circuit through Sy in ‘Gy. Since x('G1)>2,

we can apply Theorem WM and choose C1,Cs,C3,Ct,C? with s; € C; for i €Nz as
in Corollary W M. We distinguish two cases corresponding to the different position
of b, using the notation of Theorem WM and its Corollary.

(4.12.1) becltuc?

Say be Ct. If b:s% for an i € N3, say, b= s%, then we can take, for instance,
the b,So-fan P}, P}, UP} and the Sp-path PfUPS;UP3 in (4.12).

So we may assume |C'Y| > 1, in particular, S| =3, and b#sl1 for all i €Ng. If
there is a b, S*-fan Q) ,Q’2 in C'! ending in s%,s}, we can enlarge this fan by Pil,le
to a b,Sp-fan ending in s;,s;. Then this fan and, for instance, the so,s3-path
P22 UP22 3UP32 have the required property. So we may assume there is no b, S1-fan
of order 2 in C''. This implies |C%| =1 by Corollary WM (iii), especially |S?|=1,
and the existence of a b, (Sl US2)-fan Q}, Q% in G(C1 US2) ending in s%,s2, since
x('"G1)>2; say, i=1. By Corollary WM (ii), there is a block By of C'! containing
S1. By our assumption, b ¢ By. Hence there is a uniquely determined vertex
v € BonQ'y with Q) [b,b")NBy=0 and Q) [t',s}] C By (see figure 4.2) and BonQh =0,
since no b, By-path exists in C! —¥. If b’ = s}, then the b, So-fan Q) U P}, Q4 U P2
and the Sp-path P21 UP2173UP31 have the property wanted, since P2173 CBp— s%. So
we may assume b’ # s}. Then |[{¥'}US'| =4 and by Menger’s Theorem, (see, for
instance, Theorem 3.3.1 in [1]) there are 2 disjoint {¥',s3},{s},si}-paths Q,Q" in
By; say, Q' is a V/,si-path. Then the b, So-fan Q}[b,¥'JUQ'UP!,Q5UPZ and the
So-path P21 L,IQUP31 have the required property.

(4.12.2) be CiUCyUCs.

We may assume, be C1. If b and sq are in the same component of C7, then we
can find a b, {s1,s},s2}-fan Q1, P! in Cj ending in sy,s% by Theorem P; say,, i=1.
In this case we can take the b, So-fan Ql,PlL,IPiQUPQ1 and the Sp-path PQQL,IP2273L,IP32
in (4.12). Hence we may suppose that b and s; are in distinct components of C.
But this cannot happen, because we could find a K5C G with B(K5) = S()U{S%,S%}
in the following way. Since x('Gy)>2, there is a b, {s},s?}-fan P!, P? of order 2
in Gy ending in s1,57. Let § be the si,(SoU{b})-fan P*, P}, P{,U P}, P 3 UP}
of order 4 for i=1,2. Furthermore, there is a circuit C' through Sy in G(FoU Hp),
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Fig. 4.2

since an s1,{s2,s3}-fan of order 2 exists in Fy by (4.4) which can be joined to a
circuit C' by soHpsz. This circuit C together with FLUF? forms a K as claimed. i

Now we can easily complete the proof of Theorem 2. Consider a b, Sy-fan
@1,Q2 and an Sp-path Qg as in (4.12); say, Qg is an s1,ss-path. Now we can
apply (4.6) to the s1,s9-path Qg and F := FOQO. Since {s1,52} UA C V>3(F) by
(4.3)(d), the existence of the b, F-fan Q1,Q2,Q3:=b,a1,Q4:=b,ay for A={ay,a2}
contradicts Proposition (4.6). |

5. Concluding remarks

One of the results of [4] we used to deduce Theorem 1 from Theorem 2 was that
a minimum counterexample to Dirac’s conjecture is 5-connected. This was known
before (but not published) and prompted P. Seymour to state the following

(5.1) Conjecture (P. Seymour). Every 5-connected, nonplanar graph contains a K.

Of course, this would also imply Theorem 1, but this conjecture remains open.
It is true that every 4-connected, nonplanar graph is contractible to K5 by a result

of K. Wagner [14], but it does not necessarily contain a K. The simplest example is
the complete bipartite graph Ky 4. Since 5-connected graphs are difficult to handle,

C. Thomassen tried to weaken this condition. Having (probably) K4 4 in mind, he
posed in [13] the following

Question [13]. Let G be a 4-connected, nonplanar graph which contains no subdi-
vision of K5. Must G contain a set A of 4 vertices such that G — A has 4 or more
components?
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The following example gives a negative answer to this question.

(5.2) Example. Let C), be a circuit of length n>3 and let Gy, :=C),[K 2] arise from
C, replacing every vertex x with a set U, of two non-adjacent vertices ui and u%
and every edge [z,y] € E(Cy,) with all edges [u;,u{/] for 4,5 € Ng. All these graphs
G, are 4-connected. They are nonplanar for n >4 and for n>5,¢(Gy—S) <3 for all
SeP4(V(Gr)). (Note G4=Ky4.) G5 contains a Ks, but one can check that Gy,
does not for n>6 (a proof is sketched below). So the graphs G, for n>6 answer
the above question in the negative.

(Assume there is a K5 C Gy, for an n>6. Every separating set S €P4(V(Gp))
has the form S = U; UUy for not adjacent vertices  # y in Cp. There cannot
be a separating set S € P4(V(Gy)) such that there is an S-fragment F of G,
with |V(F)NB(Ks)| >2 and |V (F)NB(K5)| > 2. Hence there is an z € Cy, with
U, C B(K5). Suppose there are even two vertices 2#y in Cy, with UUUy, C B(K3).
Then [z,y] € E(Cy,) and for the vertex z € B(K35) — (Uy UUy), every z, (Uy UUy)-fan
of order 4 in Gy, contains N, (Uz) or Ng, (Uy). This contradiction (since we need

still a ul,u2-path and a uzl/

,uz—path) shows that there is exactly one z € C), with
Uz C B(f(5). Now it is easy to exclude also this case, for instance, considering the
separating set Ng,, (Uz).)

The graphs G, of example (5.2) have separating sets S € Py(V(Gy)) with
¢(Gp —S) =3. But one can also construct 4-connected, nonplanar graphs G not

containing a K3, such that ¢(G'—S) <2 holds for all S€P4(V(Q)).

(5.3) Example. For every integer n>6, we define a graph Z,,:=(Zy, {[i,i+j]:1€Zy,
and j=1,2€7Zy}), where Z,, denotes the integers modulo n. Then Z,, is 4-regular,
k(Zn)=4, and the sets {i,i+1,7,j+1} €Py(Zy) with 1<i<n-—3,i+3<j<n, and
1#j+1,j+2€7Zy are the separating sets of Z,, with four vertices. So ¢(Z,—5)<2
for all S €PB4(Zy). For n odd, Zj, is nonplanar. One can prove that Z, does not
contain a K3 for all n > 6. Hence Z7 is the simplest example of a 4-connected,
nonplanar graph G with ¢(G —8) <2 for all S € P4(V(G)), not containing a K.
(Note that Z7 is even 4T-connected.) But we can also construct graphs with these
properties containing vertices of degree 5. Let the graphs H,, arise from Z,, by
addition of a further vertex z and edges [z,x] for all € X CZ,, where X has the
property that dz, (z,y)>3 for all {z,y}€P2(X),dg(x,y) denoting the distance of
z and y in G. Then H,, does not contain a K. Such a nonplanar H,, is displayed
for n=20 in figure 5.1.

For the proof that H,, does not contain a K3, one can proceed in the following
way: Assume there is a K5 C Hy,. Then there is an = € B(K5) such that K5 —z

contains a K4 C Z,. Now one can check successively that it is not possible that

(a) K4 contains two triangles with a common edge;
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Fig. 5.1

(b) K4 contains a triangle;
(¢) Ky has two branch vertices i,i4 1€ Zy,.

On the other hand, there is an i € Z, so that {i,i+1} C B(K4) holds, since
otherwise a j € B(Ky) would exist such that j—1,5+1¢ B(K}) are on the circuit
in K4 —7.

It might be possible that Seymour’s conjecture ressembles a property of 4-

connected graphs without certain subgraphs, which have on the other side the
property that the existence of these subgraphs in a (nonplanar) 5-connected graph

gives enough information to deduce the existence of a K5. R. Thomas uttered in a
conversation the idea that perhaps every 4-connected graph without triangles has

a Ky. This is not true as the graphs of example (5.2) (and also other graphs)

show. But perhaps every graph G with x(G) >4 and 7(G) > 5 contain a Ks. In
[6], I stated the stronger conjecture that every graph G with 6(G)>4 and 7(G) >5

contains a K3, and I proved in [7] that G with §(G) >4 contains a K, if 7(G) is
large enough. Also the following could be true.

(5.4) Conjecture. Every graph G with 6(G)>5, but without K3 has a Kj.

An even stronger result might hold.
(5.5) Question. Does every graph G with §(G)>5, but without K contain a K5?

There is a reason to consider (5.4) less probable than the conjecture mentioned
in the paragraph before: in [6], I conjectured that every graph G with ||G|| >2|G|-3

and 5 < 7(G) < oo contains a K5, but the condition 7(G) >4 does not essentially

decrease the maximal edge number in a graph without Ks, as K3 53 shows. But
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perhaps one gets an essentially lower bound, if one also excludes these graphs as
subgraphs.

(5.6) Question. Does every graph G with ||G|| > 15—2(|G| —2) and |G| >4 contain a
K, ,aKs3zorakKs?

From Theorem 1 and the determination of the extremal graphs mentioned in
the subsequent to Theorem 2, we recognize that the 5-connectedness in Theorem 2
is superfluous. Perhaps Theorem 2 can be improved in the following way.

(5.7) Question. Does every 4-connected graph G with ||G||> %(\G\ —2) contain a
K, ,aKszoraKs?

I emphasize that K>3 in (5.6) cannot be replaced by K3 3: one can specify
infinitely many graphs G with ||G||= %(\G\ —3) containing neither a K, nor a K33
nor a f(5, but these are not 4-connected. These questions cannot be answered in
the negative by a planar graph, since it is easily checked that ||G]| < 1—52(|G| —2)
for every planar graph G with |G| >4 not containing a K, . The linear bound in
(5.6) and (5.7) would be best possible, since one can construct infinitely many 4-

connected, planar graphs G with ||G||= 15—2(\G\ —2), but without K, and without
K> 3. I should believe that a positive answer to anyone of the last three questions

would offer the possibility to deduce (5.1).
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